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Dynamic Equivalence Conditions for Controlled
Robotic Manipulators
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and

D. W. L. Wang' and G. R. Heppler*
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The nondimensional groups that define the dynamic equivalence conditions for general rigid-link and flexible-
link manipulatorsare examined. The scaling conditionsfor friction effects and the tolerances on the nondimensional
group values are also investigated. A nonlinear compensation technique is presented to allow for parameter value
uncertainties. Scaling laws for general control strategies are also presented. Simulation results are presented.

I. Introduction

O design and test robots destined for use on other plan-

ets efficiently, it can be advantageous to build, smaller, less
costly scale-model prototypes. When building dynamically equiv-
alent scale models, the dynamic properties of the manipulator, in-
cluding gravity and flexibility effects, should also be scaled be-
cause, by incorporating gravity effects into the scale model, extra
gravity compensation schemes will not be required when using the
prototype.

Ghanekar et al.! used dimensional analysis to determine the
scaling conditions for single flexible link manipulators and pre-
sented scaling laws for continuous-time and discrete-time con-
trollers. Hollerbach® identified a time scaling property for single
link manipulator dynamics that allows planned manipulator trajec-
tories to be analyzed and modified if they are unrealizable. Youcef-
Toumi and Gutz® used dimensionless groups to characterize impact
phenomena.Goldfarb* studied scaled bilateral telemanipulationand
Stocco et al.’ presented a joint and task space scaling matrix for use
in optimal robot design. Similitude conditions for general rigid-link
manipulators® and for general flexible-link manipulators’ have been
presented, and Ghanekar® has subsequently shown the equivalence
of the rigid-link and flexible-link nondimensional groups.

All physicalquantitiescan be characterizedusing the seven funda-
mental dimensions.” For example, the dimensions of a force variable
are expressed by F =[M][L][T]2, where the notation = is used
to indicate that the dimensions of a quantity are being given. The
Buckingham pi theorem (see Ref. 10) provides a systematic means
of determining the nondimensional pi groups that characterize the
dynamics and provides scaling information for the system.

In this paper, the Buckingham pi method is used to determine the
nondimensional groups characterizing rigid-link and flexible-link
manipulators, and it is extended to general nonlinear controllers.
The pi groups characterizing the manipulatordynamics of system 1
are computed and are then used to design a dynamically equivalent
system 2. A control scheme is designed for system 2. The controller
pi groups are calculated and are then used to determine the con-
troller, which will provide dynamically equivalent performance, for
system 1. Because of manufacturing imprecision it is, in practice,
impossible to construct two systems that are exactly dynamically
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equivalent. To address this problem, a nonlinearcompensation tech-
nique is presented that allows for errors in the scaling conditions to
be tolerated. The scaling of friction effects is an ideal candidate
for this compensation scheme, and the results of a simulation are
presented.

II. Equivalence Conditions: Rigid-Link Manipulators

The phrase generalrigid-link manipulator will refer to the class of
manipulators with n rigid links, p actuators, and any link topology
that can be described by a set of generalized coordinates that make
the explicit use of constraintequations unnecessary.

To apply dimensional analysis, a complete set of variables char-
acterizing the system dynamics must be identified. The dynamic be-
havior depends on the link parameters, the joint parameters, gravity,
and time. The ith link is characterized by its mass m; =[M], and
the mass moments of inertia about each of its three principle axes,
J=, B, and J7 (=[M][LT). The jth joint is assumed to have
mass M; =[M] and rotational inertia I;’ =[M][L]? about the joint
axis (rotary actuators only). Acceleration due to gravity is denoted
by g=[L][T]72, and time is measured relative to a time scaling
frequency, Q= [T]"!. Choose J; to be one of {Ji*, J*, or J7*}.
When the axis about which the inertia J; is computed is considered,
the characteristic length is deduced from the characterizing para-
meters m; and J; via the radius of gyration!! k; =[L]. Applying
the Buckingham pi method (see Ref. 8), with m,, J;, and €2 as base
variables, gives the pi groups

I, =m;/my, e = J[”/Jl, My = J[yy/fl
Mz =J7 [, My, = M;/my, M, = /5
Mg = g/kQ? 1)

where i € {1, n} and j € {1, p}. Note that the choice of the para-
meters of the first link as the base variables is arbitrary; any of
the other links could be used as could some another set of base
parameters if they were more convenient.

III. Equivalence Conditions:
Flexible-Link Manipulators

The phrase, general flexible-link manipulator will refer to the
class of manipulators with n flexible links, p actuators, and any link
topology as defined in the rigid-link case. In the presentation of the
flexible-link pi groups, each link will be assumed to be modeled
as an Euler—Bernoulli beam, to bend in two directions, and to have
high axial stiffness.

The variables characterizing the uniform ith link are length
l; =[L], linear mass density p;=[M][L]™!, elastic modulus
E; =[M][L]"'[T]?, and the cross-sectionalarea moments of iner-
tia I,, =[L]* and I, = [L]*. The area moments of inertia are used,
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instead of the physical dimensions of the cross section, to allow
the link to be described independently of the cross-sectionalshape.
The joint model, gravitational acceleration, and the time scaling
frequency are the same as used for the rigid-link manipulator. As
a point of reference, the dextrous body-fixed link coordinate frame
for the ith link has its origin at the base of the link, with the z;
axis running along the undeflected link. The x; and y; axes are the
principal axes of the cross section.

Applying the Buckingham pi theorem (see Ref. 8) with the vari-
ables p1, /1, and Q results in the pi groups

I, = pi/p1, n, =4/, g, =Ez/,01§22
n, =1/t M, =1/}, Ty =M;/pl
My = '/ol}, T =g/L? )

where i € {1, n} and j € {1, p}.

Notice that the characteristic length parameter is different be-
tween the rigid-link and flexible-link manipulators, k; vs /1, respec-
tively. In a hybrid rigid-flexible link system, either parameter can be
used as the representative length parameter provided that the same
parameter be used consistently for all length scaling.

From the flexible link pi groups (2), the scaling condition for the
natural frequenciescan be determined. Considerthe i th flexible-link
manipulator link, and denote the natural frequency of the kth mode
by wy = [T]17'. Hence, w; can be nondimensionalized by the time
scaling frequency €2, that is,

o = [T = 1, = w/Q 3)

The scaling law for the nondimensional frequency results naturally
from the flexible link pi groups defined in Eq. (2). This can be shown
using the relationship (for the ith link)!?

Wi =4/ E[Ix,'/p[l?ﬂk»

where for an Euler-Bernoulli beam model of the link, §; is the kth
solution of

Pi lf/lfhﬂf [cosh(By) sin(Bi) — sinh(By) cos(Bi)]
4+ [1 + cos(Bi) cosh(By)] =0 5)

as given by Bellezza et al.'* Therefore, the frequency pi group is

M=o/ Q= (E:/p22) (1, /1)
= J(ne/m,) (m, /rit ) ©)

and scaling the manipulatorusing the pi groups Iz, I1,,, I1;, , and
I1,, guarantees that the natural frequencies will scale by €2.

Denote the transverse deflection of the ith link by w,, (z;, £). As-
suming that w,, can be expressed via a modal expansion' results
in

k e [1, o0], iell,n] 4

W (2 0) = Y o (G (0) )

k=1

Because w,, =[L], it can be nondimensionalizedby /; (Ref. 8),

Wy, I &
Mo, =75=7 I RENAG) (8)

k=1

and the nondimensionalgroup for the mode shapesis 1, = ¢, /1.

If the material density of the ith link is specified in terms of the
volume mass density p;, instead of the linear mass density p;, then
the flexible link pi groups that would be different from those in
Eq. (2) are?

I, = pf/ﬁf? g, = E[/pl"lfszz

My, =M, /{1, My =17/ o}l ©)

IV. Tolerances on Pi Groups

Theoretically,two systems are dynamically equivalentif and only
if the values for their pi groups are exactly the same, but, because of
manufacturingimprecision, it is impossible to achieve the exactness
required for dynamic equivalence. The value for a nondimensional
group may be close to the value required for dynamic equivalence,
but will not be exactly the required value.

To allow the preceding scaling theory to be used, the sensitiv-
ity of the manipulator dynamics to changes in the nondimensional
groups must be determined. If the dynamics are insensitive to the
deviation of the actual pi-group values from those required for dy-
namic equivalence, then the two systems will be considered to be
dynamically equivalent. A method will be presented that uses non-
linear feedback to render two systems that are nearly dynamically
equivalentexactly dynamically equivalent.

A. Sensitivity Analysis

When two manipulators are dynamically equivalent, the nondi-
mensional dynamics of the two manipulators are identical. If the
values of the pi groups for one of the manipulators have devi-
ated from the values required for dynamic equivalence, the nondi-
mensional dynamics will no longer be identical, but the structure
of the equations of motion will remain the same. What has to
be measured, therefore, is the sensitivity of each nondimensional
generalized coordinate ¢;(t), where t is nondimensional time,
to changes in each pi group II; in the nondimensional dynamic
equations.

The nondimensional equations describing the free motion of an
unconstrained manipulator can be written as'’

M@q+CG, 9 +G@ =F(r) (10)

where M is the nondimensional inertia matrix, Cis the nondimen-
sional Coriolis and centriHetal acceleration vector, G is the nondi-
mensional gravity vector, F is the nondimensionalexternal general-
ized force Vegtog,tj are thenondimensionalgeneralized coordinates.
Notice that M, C, and G are functions of the pi groups, denoted by
I1. Therefore, the generalizedcoordinatesq are also functionsof IT.
The goal of the sensitivity analysis is to find the change in each g;
caused by achangeineach IT;. The sensitivity of the joint velocities
g, and the joint accelerations g, to parameter changes also provides
informative results. Throughoutthis section, sensitivity will be used
to describe the rate of change of one quantity with respectto another.
This same terminology is used by Takahashiin applying sensitivity
analysis to robotic manipulators.!®

The manipulatordynamic equation (10) can be written as a func-
tion of one of the nondimensional groups IT;:

M{§(z: 1)), T)4(z: T1) + Cl4(x: 1), (e 1), T
+614(r: 1), 1] = F(x) (1D
Take the derivative of Eq. (11) with respectto IT; to find

~ 3q oM
M— + +

n

" oM 3G \: aC aC 34,
__q) n +Z__q

'\ 9C 3G,  9G < 3G 34
+ Y ———f— 4 Y ——— =0 12

Because M is an inertia matrix, it is always positive definite, and so
from Eq. (12), the joint acceleration sensitivity can be found to be

3q . M M 3G \. dC+G
_q=_M—1 —_— __q +¥

[:13@- al_lj BHI
€+ G6) 3G~ aC ag,
—_— ——L 13
2 (13
i=1 J i=1 qi J
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From Eq. (11), an expression fort; can be foundand usedin Eq. (13)
to give

g - | [ oM
=-M +

IC+G) ~NAC+6) 3§ = o€ 3g,
= — L 14

J i=1

LA PSP
e anL BHI

=1

Equation (14) is a second-order differential equation of the form

dej - i - dx; ;a 3G

— —_ )X — )—L — (), X = — (5
= ;o i ;odf ) )
A solution for X; can be found numerically. With the sensitivity
solution Xi., the variation in ¢; caused by a variation in IT; can be
found. In particular,

i aé[ i Aé[
X =— = X'~ — (16)
I IAT
For a givennominaltrajectory, thesensitivityX ; (t) canbe computed
offline. Rearranging the preceding approximation gives

Ag: ~ X (T)ATL; (17)

For each pi group I}, the preceding equation can be used to esti-
mate how much the actual manipulatortrajectory will vary from the
nominal trajectory, for a given change in the value of the pi group.
This information can be used before the construction of the mani-
pulator to determine which components of the manipulator should
be machined more precisely than others. A method of computing
the sensitivity expressions for open-chain rigid-link manipulators
was presented by Takahashi'® and modified for the nondimensional
dynamics by Ghanekar?

The sensitivity analysis provides a way of measuring the effect
of manufacturingerrors in differentcomponents of the manipulator.
The magnitude of these effects for each componentcan be assessed
in simulation, before constructing the robot. For joint trajectories
with a high sensitivity to particular pi groups, the components cor-
responding to those pi groups must be manufactured with high pre-
cision to ensure that the actual pi group value is very close to the
value required for dynamic equivalence.

B. Error Compensation for Rigid-Link Manipulators

As already observed, it is unlikely that a perfectly scaled model
can be built due to manufacturing tolerances, choice of materials,
and our inability to build a predefined amount of friction into the
model.

Consider a viscous friction model, in which the friction torque
is given by H =c¢,;,0, where c,, =[M][L]*[T]~!. For a rigid-link
manipulator with the fundamentally distinct parametersm, k;, and
Q, the pi group for ¢, is

M., =c,/mkQ (18)

Cup
Theoretically,using this scaling condition, the required friction con-
stant for dynamic equivalence can be determined® In practice, it is
impossible to achieve a preset friction value, and dynamic equiva-
lence will not be achieved. Because of this, friction effects are the
ideal candidates for techniques that can compensate for errors in
the pi groups, thereby making the actual system exhibit the desired
dynamic behavior.

For rigid-link manipulators, a nonlinear feedback compensation
scheme can be used to eliminate the error between the actual and
desired dynamic behavior. Because this error compensation scheme
is a special case of the feedback linearization technique, it is not
generally applicable to flexible-link manipulators.!

With this approach it may appear that any deviation from the re-
quired pi-group values for dynamic equivalence can be tolerated.
This is true theoretically, however, practically, the method is only

a9

: t ' H
—rfvptgaw | Eettaan S+ e d-F }—T—“

: I f q e

: ! ! :

aq

| M@3+hd=w

Fig.1 Error compensation scheme using nonlinear feedback.

feasible for small deviationsin the pi groups because the error com-
pensation is provided through compensation torques from the ac-
tuators. The greater the deviation of the actual pi-group values is
from the required values, the greater is the magnitude of the com-
pensation torques. Because the actuators are probably designed to
operate within the torque range of the dynamically equivalent sys-
tem, they may not be able to provide the large compensationtorques
required to correct for large deviations of the pi-group values from
those required for dynamic equivalence.
For the case at hand, let the desired dynamic equations be

M(q)q +C(q.q) = F(1) (19)

where M, C, and F are the inertia matrix; the Coriolis accelera-
tion, centripetal acceleration, and gravity vector; and the external
generalized force vector, respectively.

For this manipulator, let IT denote the set of pi-group values re-
quiredfor dynamicequivalence.Suppose, because of manufacturing
imprecision, that some of the manipulator parameters are not ma-
chined to the exact specifications required for dynamic equivalence.
For this manipulator,let IT denote the actual values of the pi groups,
where IT #I1.

Let Eq. (19) denote the equations of motion of the desired (dy-
namically equivalent) system. For the manipulator with pi-group
values IT, denote the “actual” equations of motion by

M(q)§+C(q.9) =F (20)

The objective is to use nonlinear state feedback to make the input—
output dynamics between the control signal and the manipulator
generalized coordinate appear as Eq. (19). In Fig. 1, the actual
manipulator dynamics are represented by the block with input F
and output ¢. In addition, two nonlinear function blocks are shown
in Fig. 1. Let f(q, ¢, v) be the inner nonlinear compensation, and
let g(q, q, w) be the outer nonlinear compensation. The controller
signal is w.

The innernonlinearblockis an inversedynamicsblock that makes
the system from the input v to the output ¢ appear as a double
integrator.!® The outer nonlinear block is another inverse dynamics
block thatmakes the system from w to ¢ exhibitthe desireddynamics
according to Eq. (19).

Define the inner nonlinear function f(g, ¢, v) to be

F(1) = f(q, 4, v) = M(@)v(t) + C(q, §) 1)

The inertia matrix M (g) is invertible, and hence, Eq. (20) results in
the double integrator equation

q =) (22)
Define the outer block g(g, g, w) to be
o) =g(q.4.w) =M@~ [-Clg.p +wD]  (23)
Substitution into Eq. (22) reveals the dynamic equation
M(g)g+Cq, 9 =w@) 24

which represents the desired dynamics (19), with w as the input
signal. This is the system from w to ¢ in Fig. 1. The overall inverse
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dynamics controller is given by combining Eqgs. (21) and (23) to
yield

F(t)=—-M(@M(g)"'C(q,q) +C(q. §) + M(@M(q)"'w(t) (25)

The values for M and C are known because these representthe actual
manipulator that has been constructed. The values for M and C are
also known because these represent the desired dynamic behavior.
Therefore, givena controlinput w(t), all of the quantitiesin Eq. (25)
are known, and the control loop can be implemented. Hence, placing
an inner control loop around the actual manipulator can make the
manipulator exhibit the desired dynamic behavior.

The extra control effort required to achieve the desired dynamic
behaviorcan also be calculated. Without the compensationprovided
by Eq. (25), w(?) is the control signal to the manipulator. Hence, the
additional control effort provided by Eq. (25) can be computed by

F.(t)=F() —w(t) = -M(@M(g)"'C(q. 9 + C(q. 9

+M@M(g)™" — Dw(t) (26)

In the limit, as the difference between the actual and desired dy-
namics approaches zero, the extra control effort required goes to
zero.

V. Controller Scaling Laws

Let ® define the set of m controller parameters for a general
controller so that

@é{¢la¢25---a¢m}

where the fundamental dimensions of ¢; are assumed to be such that

¢ = [M]“[L]"[T][A]%[©], ai, bi,ci,di, e €R

To maintain the dimensional homogeneity of the system, it is im-
perative that for a particular manipulator system (manipulator and
controller), the same base parameters are always used to compute
the pi groups. Hence, select the three parameters m;, k;, and €2 and
introduce reference values for current A, and temperature 6,. The
form of the scaling law for a general controller parameter ¢; is®

A bi

Iy, = ———— 27
mi'k;' QA S0,

i

For a flexible-link manipulator system, the parameter k; would be
replaced with /; in the controller pi group (27).

A. Example: Sliding Mode Control

To illustrate that the methodology applies to discontinuousnon-
linear controllers, this example will determine the scaling condi-
tions for a sliding mode control law.'® In the sliding control tech-
nique, two control inputs are designed, both of which are highly
nonlinear, and the transition from one input to the other is often
discontinuous.

Let the manipulator dynamics be expressed as a system of first-
order differential equations

x =f(x)+ Bu

where x is the 2n x 1 state vector and u is the n x 1 input vector.

Typically, a sliding surface is selected to be a weighted sum of
joint position error and velocity error. Define the tracking error by
the vector X =x —Xr. Then, in terms of the parameters A;, the
sliding surfaces o; are defined as

0; (X, 1) = AiX; + X4, i €[l,n]

The parameters A; determine the rate at which the trajectories ap-
proach the desired trajectory on the sliding surface. When

S 2 [diag{Ar, ... Anh Lyl

is defined, then the equivalent control input is'®

it = (SB) ™' (—Sf — Skwp)

The switching control input u* drives the trajectories toward the
sliding surface. In terms of the parameters K;, this control input is
defined as"

wt = —(SB)'[K, K, 1" sgn() =—(SB)'ksgn(o)
(28)

The sliding control input is given by u =t + u*:
u(t) 2 —(SB)"'[Sf(x) + Sxver + k sgn(o)] (29)

A common artifactof switching controllersis a phenomenonknown
as chattering. The chatteringeffectcan be smoothed outby replacing
the sgn operator with a saturation operator of width A; (Ref. 19)
defined by

1 U'[/A[>1

sat(%) é U'[/A[ -1 < U'[/A[ = 1
-1 oi/A; < —1 (30)

A

The controller parameters are
=y, ks Kiy o Ky A A
where

=117 K =[T172, A =[T]"!
When Eq. (27) is used, the pi groups for the controller parameters
are
M, =4/, My, =K, /Q, My, =A/Q (3D
B. Example: Proportional Derivative Control
The controller parameters are

®={Kp,....Kp, ,Kp,,....Kp,}

where Kp, =[M][LP[T]™> and Kp,=[M][L’[T]"'. When
Eq. (27) is used, the pi groups for the controller parameters are
Mk, = Kp, [m 2922, My, = Kp, /m2Q  (32)
These results are consistent with the scaling laws for linear con-
trollers of flexible-link manipulators presented by Ghanekar et al.!

VI. Numerical Examples

A. Rigid-Link Manipulator and Sliding Mode Control

To illustrate the use of the dynamic equivalence conditions, a
rigid two-link manipulator (Fig. 2) with rotary joints mechanically
designed for use on the moon will be scaled from a lunar gravity en-
vironment to an Earth-based environment, where the development
and testing will be done. The moon-based and Earth-based manip-
ulators will be referred to as system 1 and system 2, respectively.
To illustrate the controller scaling laws, a sliding mode controller

Fig.2 Rigid two-link elbow manipulator:
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designed on the prototype Earth-based manipulator will be scaled
to apply to the moon-based robot.

Denote the parameters for the moon-based manipulator by the
subscriptm, and let the time scaling factor be (£2),, =1 s~!. Each
link is a solid cylinder with the parameters given in Table 1. Then,
with J; = (J{),, and k; = (k,),,, the pi groups [Eq. (1)] for system 1
are computed (Table 2).

In designing the Earth-based manipulator, the values for three
dimensionally independent parameters can be chosen and the re-
maining parameters determined to satisfy the dynamic equivalence
conditions (Table 2). The three chosen parameters are g, (it cannot
be altered), m; = (m,),, and J, = (J;*),. The latter two choices are
chosen simply for the purposes of the example; their choice may be
driven by resource constraints imposed on the Earth-based system,
for example, the system may have to be portable or may have to fit
within a volume of certain dimensions. For dynamic equivalence,

Table1 Parameters for moon-based
manipulator (system 1)

Parameter Variable Value
Link length, m (1,2)m 5.0
Link radius, m (r1,2)m 0.04

Radius of gyration, m k1.2)m 0.0272

Link mass, kg (m12)m 60.0
Link inertia, kg - m? 5 Dm 0.044
Link inertia, kg - m? (Jf:’;)::z 125.02
Link inertia, kg - m? U5m 125.02
Joint mass, kg (M)m 12.0
Joint mass, kg (M2)m 6.0
Joint inertia, kg - m? U D 3.0
Gravity, m - s 2 (&)m 1.64
Timescaling, s~ () 1.0
5_1 }\,1_2 1.76
572 Ki» 10
5! Aio 0.03

Table 2 Pi groups for two-link
elbow manipulator

Pi group Form Value
l_[m,' ml.Z/ml 1.0
IT T30 1.0
I, VR 2813.0
= JE5 1N 2813.0
HM/ M1 /m1 0.2
HM/ Mz/ml 0.1
I, 1,/ 0 67.5
g g/ki Q2 60.0737
I, Ao/ S 1.76
Mg, K12/ Q? 0.31
My, A12/Q 0.03

Table 3 Parameters for Earth-based
manipulator (system 2)

Parameter Variable Value
Link length, m (1,2)m  1.38
Link radius, m (ri2)m  0.01
Link mass, kg (mip)e 1.27

Link inertia, kg-cm?*  (J;3),  0.72
Link inertia, kg-m?  (J;3).  0.20
Link inertia, kg-m?  (J;3).  0.20
Radius of gyration,m  (k;),  0.0075

Joint mass, kg (M), 0.25
Joint mass, kg (M>), 0.13
Jointinertia, kg-m>  (I")). 0.0049
Gravity, m - s~2 (g)e 9.81
Timescaling, s~ (). 4.66
s7! A2 10
572 Ki» 10
57! Aio 0.17

the remaining system parameters can be calculated from Eq. (1)
and Table 2. These calculated parameters are presented in Table 3.
Notice that, for system 2, the value of the time scaling parame-
ter is 2, =4.66 s~!. The implication of this is that the motion of
the Earth-based system is approximately 4.7 times faster than the
dynamically equivalent moon-based counterpart.

A sliding mode controller was designed to move system 2 from
rest at the initial position of (g, ¢,) = (0, 0) to rest at the reference
position: (¢, g;) = (w/2, —m /2). The parameter values are given
in Table 3. From Eq. (31), the values for the controller pi groups are
calculated and are reported in Table 2. For system 1, the required
sliding mode controller parameter values are presented in Table 1.

Figure 3 shows the joint angle histories for system 2 with
Gret = (r/2, —1 /2). The corresponding plot for system 1 shows
identical values for the joint angles, but over a time period of 23.28 s
as comparedto the 5 s for the Earth-basedsystem. Figure 4 shows the
torque histories for each system. The torque values for system 2 are
shown on the left vertical axis and for system 1 on the right vertical
axis. The Fig. 4a timescale refers to system 2 with the correspond-
ing system 1 times given in the Fig. 4b timescale. The response of
system 1 is an exact scaled version of the system 2 response and the
response of the moon-based manipulator could have been predicted
directly from the Earth-based prototype.

Because the Earth-based and Moon-based manipulator systems
are dynamically equivalent, all of the nondimensional values for

2 T T T
151 - 1.571
g
£ 1 1
=
05 A
0 i i i 1 I i ; 1 1
Q 05 1 15 2 25 3 3.5 4 45 5
Time (s)
a)
0 T T T 7 T T T
0.5 B
5
= -1F 4
o
o
-1.51 : : : = -1.571
% I S N S SN S SR S SR
0 0.5 1 15 2 25 3 35 4 4.5 5
Time (s)
b)

Fig.3 Earth system: joint angles gyt = (7/2, —7/2).

Earth-based System

Moon-based System

T T T T 2846.7
-1423.3
245.3
10
_50 i 1 L I . . . 1 | 14233
0 05 1 15 2 25 3 3.5 4 4.5 5
0 4.656 8.312 13.97 18.62 23.28
Time (s)
a)
25 T T T T T T T 7114
= 20 -1569.1
Z
g 15 1426.8
E
g
o
= 10F -284.6
8.617)
5 i . | | i i i 1 i 142.3
0 05 1 1.5 2 25 3 35 4 45
0 4.656 9.312 13.97 18.62 23.28
Time (s}
b)

Fig. 4 Earth and moon systems: control torques gt = (7/2, —/2).
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both systems must be equal. Therefore, time
T= (Q)Hltlﬂ = (Q)(’t(’ :> Z’lll = 4'66t€
and torque
Ii’ll H(’

H= =
(mlkaZ) (mlkleZ)e

= H, =28.46H,

m

where the actual scaling values are obtained from the system para-
meters for this example. Therefore, stretching the time axis of the
Earth-based system responses by a factor of 4.66 will give the time
axis for the moon-based system responses. Similarly, the torques
are scaled by a factor of 28.46.

B. Flexible-Link Manipulator and Proportional Derivative Control

Two single flexible-link manipulators, controlled using propor-
tional derivative (PD) control, are considered. One is intended for
use on Earth and the other is intended for use on the moon. There
are two rotary actuators at the base of each link to provide excitation
for the horizontal and vertical vibrations; for simplicity, damping
and friction effects are neglected. The equations of motion can be
found in Refs. 3 and 20.

The Earth-based link is assumed to be a uniform square member
with the dimensions, mass, and hub data as given in Table 4. The
base parametersare (o)., (1), and (2),. Because the volume mass

Table4 Parameters for single flexible
link manipulator (Earth based)

Parameter Variable Value
Link length, m 1, 1.0
Link side length, m d, 0.01
Link mass, kg me 0.27
Link area moment (). 0.083
of inertia, cm* (I,). 0.083
Young’s modulus, GPa Ee 69.0
Density, kg/m? oy 2700
First natural frequency, s~'  (w1).  55.59
Joint inertia, kg - m?> (1;’)€ 0.5
Gravity, m - s~2 Se 9.81
Timescaling, g1 Q, 1
Proportional gain (Kp)e 5.0
Derivative gain (Ka)e 1.0

Table 5 Pi groups for the single flexible

link manipulator
Pi group Form Value
I, (L /1% 8.3x 10710
Iy, Iy/ 1), 8.3x10°10
Mg (E/p*I?Q2), 2.56 x 10'!
My (I;’/p”l3)€ 1.85 x 10~*
G’ (8/d2%). 9.81
Pi, (/). 55.59
Mk, (K i /m;1*Q%), 18.519
Mg, (Kqi /mi*Q). 3.704

Table 6 Parameters for the single flexible
link manipulator (moon based)

Parameter Variable  Value
Link length, m I 5.7
Link side length, m d,, 0.057
Link area moment (I )m 88.1
of inertia, cm* Iy)m 88.1
Young’s Modulus, GPa E,,z 12.1
Density, kg/m? 0" )m 498.2
First natural frequency, s ! (@1)m 9.50
Joint inertia, kg - m? (1;' Im 556.2
Gravity, m - s 2 Sm 1.635
Timescaling, s~ Qn 0.17
Proportional gain (Kp)m 162.57

Derivative gain (Ka)m 190.19

density (p”). is specified instead of linear mass density, the modified
flexible pi groups from Eq. (9) are used (Table 5). Using Egs. (4) and
(5), with (B;), = 1.952, the frequency of the first mode of vibration
is (w;), =55.59 s~ L.

For the moon-based manipulator, the material fixes two para-
meters, E,, and (p"),,, and the gravitational acceleration g,, fixes
the third. The dimensional parameter values required for similitude
are given in Table 6.

Both systems are controlled using a PD control law, and both
actuators use the same controller. For the Earth-based link, the PD
gains are given in Table 4, the corresponding pi groups in Table 5,
and the PD gains for the moon-based link in Table 6.

Both joints were moved through a step of one radian. This was
sufficient to induce both horizontal and vertical oscillations in the
link. For each system, tip deflection, tip position, and control effort
are given (Figs. 5-7). As expected, each pair of Figs. 5-7 are scaled
versions of each other. Using subscripts e and m, to denote each
system, the scaling factors for time ¢, lengths £, and torques H,
respectively,are

by = L — 5.851,, n = £ 5 30p,
S2m (ll)e
(m132?)
H, = H———" =32 51H,
(mi32?),

In particular, the timescaling factor indicates that a motion on the
moon will take almost six times longer to execute than the corre-
sponding motion on the Earth.
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Earth-based System
T T

0.03 T T - T 0.171
z :
= 002 q0.114
o
3
% 0.01 10.057
[a}
A
5 or : 0
T
_0.01 | 1 i i i i | i I _0.057
0 0.5 1 15 2 25 3 3.5 4 45 5
0 5.85 1.7 17.55 234 29.25
Time (s)
0.01 T T T T T T T T 0.057
£ 0.005F RN . G 10.0285
5 or ‘ 0
k]
% -0.005 -0.0285
a
g- -0.01 +1-0.057
> -0.015 --0.0855
_0.02 I I I I I I I | | 0114
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0 5.85 7 17.55 23.4 29.25
Time (s)
Fig. 5 Earth and moon systems: tip deflection.
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Fig. 6 Earth and moon systems: tip position.
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Moon-based System

Earth-based System
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Fig.7 Earth and moon systems: control effort.

C. Nonlinear Compensation Technique Example

Because of manufacturing imprecision, it is impossible to con-
struct a manipulator such that the pi-group values required for
dynamic equivalence are exactly attained. In Sec. IV, it was shown
that, for rigid-link manipulators, a nonlinear feedback loop can be
implemented around the manipulator, such that the manipulatorand
nonlinearfeedback together provide the required dynamic behavior.

In this example, the same Earth-based and moon-based elbow
manipulators from Sec. VI.A are examined, and viscous friction
is added to each joint. For the Earth-based manipulator, suppose
that the friction coefficient ¢, has the value (c¢,), =50 kg- m?-s!
for both joints, and the corresponding pi group is computed [using
Eq. (18)]to be I, = 1.49 x 10°.

Parameter values for the moon-based manipulator that are re-
quired for dynamic equivalence were computed in the earlier exam-
ple. In addition, the friction coefficient required for dynamic equiv-
alence can be found using I, tobe (¢,)m = (M), (k )51 ), I, =
6630 kg-m?-s~!. Notice that the magnitude of the friction
coefficient has changed by a significant factor (from 50 to
6630kg-m?-s7!).

Suppose a dynamically equivalent Earth-based manipulator was
designedand builtto providethe desired performance.Now, a moon-
based manipulator must be designed so it can replicate this perfor-
mance, but suppose that, after it has been assembled, it is found that
there is an error between the actual and desired values for some of
the the manipulator parameters. Because of this, the pi-group values
are not equal to those required for dynamic equivalence,and hence,
the Moon based manipulator is dynamically “inequivalent” to the
Earth-based prototype. For this example, the following arbitrary er-
rors were introduced: n,, 50% error; J;* and J;”, 100% error; M,
50% error; 12}’, 75% error; and c,, 4900% error. The errors were pur-
posefully made large to be able to illustrate the effect of having pi-
group values other than those requiredfor dynamic equivalence.The
error for the friction coefficient is the largestbecause the friction co-
efficient was not changed to the required value (6630 kg - m? - s71),
but was kept at ¢, = 50 kg - m? - s~! for both systems.

When the scaled proportional integral derivative (PID) con-
troller is used, the manipulator is moved from (g, g,) = (0, 0) to
(w/2, —m/2). The joint angle response is given in Fig. 8. It is clear
thattheresponseis notthatdesired for dynamic equivalence(dashed
line).

To remedy the situation, the error compensation technique of
Sec. IV.B is implemented. From the values for the pi groups, the
parameter values for the dynamically equivalentmoon manipulator
are known and allow calculation of the desired inertia matrix M
and the Coriolis acceleration, centripetal acceleration, and gravity
effects vector C. With the errant values for the parameters spec-
ified earlier, the actual inertia matrix M and the actual Coriolis,
centripetal, and gravity effects vector C are also calculated. With
these matrices and the PID controller signal, the error compensa-
tion torque from Eq. (25) is implemented.
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Fig. 8 Moon-based with errors: joint angles.
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Fig. 9 Moon-based with compensation: joint angles.
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Fig.10 Moon-based with compensation: compensation torques.

The same motion is now performed with the scaled PID con-
troller and the error compensation. The desired scaled performance
is achieved (Fig. 9), but at the expense of extra compensationtorque
provided by the inner compensation loop, as shown in Fig. 10.

VII. Summary
Dynamic equivalence conditions for general rigid-link and gen-
eral flexible-link manipulators were derived, and the scaling laws
for general nonlinear controllers were also presented. For flexible-
link manipulators, scaling conditions were found for the natural
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frequencies,mode shapes,dampingeffects, and torsional effects. To
tolerate errors in the scaling conditions, a compensation technique
using a doubleinverse dynamics loop was presented. The manipula-
tor and controller scaling conditions were illustrated via simulation
examples. The rigid-linkmanipulatorisliding-modeexample and the
flexible-link manipulator/PD control example both showed that two
physically different, yet dynamically equivalent, manipulators can
be constructed that produce scaled responses with the applicationof
scaled controllers. In particular, the flexible-link example showed
that the natural frequencies do indeed scale between dynamically
equivalentsystems. The error compensation scheme example illus-
trated how the proposed double inverse-dynamicsloop can be used
to compensate for errorsin the scaling conditionscaused by friction.
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